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 Mathematical Practice Standards (MP) summary of each standard 

 

5. Use appropriate tools strategically. 

Mathematically proficient students use available tools recognizing the strengths and limitations of each. 
Students consider available tools (including estimation and technology) when solving a mathematical 
problem and decide when certain tools might be helpful.  For instance, students in grade 6 may decide to 
represent similar data sets using dot plots with the same scale to visually compare the center and 
variability of the data.  Additionally, students might use physical objects or applets to construct nets and 
calculate the surface area of three-dimensional figures. 
 
6. Attend to precision. 

Mathematically proficient students communicate precisely with others and try to use clear mathematical 
language when discussing their reasoning.  They understand meanings of symbols used in mathematics 
and can label quantities appropriately.  In grade 6, students continue to refine their mathematical 
communication skills by using clear and precise language in their discussions with others and in their own 
reasoning.  Students use appropriate terminology when referring to rates, ratios, geometric figures, data 
displays, and components of expressions, equations or inequalities. 
 
7. Look for and make use of structure. (Deductive Reasoning) 

Mathematically proficient students apply general mathematical rules to specific situations.  They look for 
the overall structure and patterns in mathematics.  Students routinely seek patterns or structures to 
model and solve problems.  For instance, students recognize patterns that exist in ratio tables recognizing 
both the additive and multiplicative properties.  Students apply properties to generate equivalent 
expressions (i.e. 6 + 2x = 2 (3 + x) by distributive property) and solve equations (i.e. 2c + 3 = 15, 2c = 12 by 
subtraction property of equality; c=6 by division property of equality).   Students compose and decompose 
two- and three-dimensional figures to solve real world problems involving area and volume. 
 
8. Look for and express regularity in repeated reasoning. (Inductive Reasoning) 

Mathematically proficient students see repeated calculations and look for generalizations and shortcuts. 
In grade 6, students use repeated reasoning to understand algorithms and make generalizations about 

patterns.  During multiple opportunities to solve and model problems, they may notice that a/b ÷ c/d = 

ad/bc and construct other examples and models that confirm their generalization. Students connect place 
value and their prior work with operations to understand algorithms to fluently divide multi-digit numbers 
and perform all operations with multi-digit decimals.  Students informally begin to make connections 
between covariance, rates, and representations showing the relationships between quantities. 
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Summary of Standards for Mathematical Practice Questions to Develop Mathematical Thinking 

 

5. Use appropriate tools strategically. 

 Use available tools recognizing the strengths and limitations of 
each. 

 Use estimation and other mathematical knowledge to detect 
possible errors. 

 Identify relevant external mathematical resources to pose and 
solve problems. 

 Use technological tools to deepen their understanding of 
mathematics. 

 

What mathematical tools could we use to visualize and 
represent the situation? 

What information do you have? 
What do you know that is not stated in the problem?  
What approach are you considering trying first? 
What estimate did you make for the solution? 
In this situation would it be helpful to use...a graph..., 

number line..., ruler..., diagram..., calculator..., 
manipulative? 

Why was it helpful to use...? 
What can using a   show us, that   _may not?  
In what situations might it be more informative or 

helpful to use...? 
 

6. Attend to precision. 

 Communicate precisely with others and try to use clear 
mathematical language when discussing their reasoning. 

 Understand meanings of symbols used in mathematics and can 
label quantities appropriately. 

 Express numerical answers with a degree of precision 
appropriate for the problem context. 

 Calculate efficiently and accurately. 

 

What mathematical terms apply in this situation?  
How did you know your solution was reasonable?  
Explain how you might show that your solution answers the 
   problem. 
Is there a more efficient strategy? 
How are you showing the meaning of the quantities? 
What symbols or mathematical notations are important in 

this problem? 
What mathematical language...,definitions..., properties   
   can you use to explain...? 
How could you test your solution to see if it answers the  
   problem? 

 

7. Look for and make use of structure. 

 Apply general mathematical rules to specific situations. 

 Look for the overall structure and patterns in mathematics. 

 See complicated things as single objects or as being composed of 
several objects. 

             
 

      What observations do you make about...?       

      What do you notice when...? 
What parts of the problem might you eliminate...,simplify...? 
What patterns do you find in...? 
How do you know if something is a pattern? 
What ideas that we have learned before were useful in 

solving this problem? 
What are some other problems that are similar to this one? 
How does this relate to...? 
In what ways does this problem connect to other  
   mathematical concepts? 

 

8. Look for and express regularity in repeated reasoning. 

 See repeated calculations and look for generalizations and 
shortcuts. 

 See the overall process of the problem and still attend to the 
details. 

 Understand the broader application of patterns and see the 
structure in similar situations. 

 Continually evaluate the reasonableness of their intermediate 
results. 

 

Will the same strategy work in other situations? 
Is this always true, sometimes true or never true? 
How would we prove that...?  
What do you notice about...? 
What is happening in this situation?  
What would happen if...? 
Is there a mathematical rule for...? 

What predictions or generalizations can this pattern  
   support? 
What mathematical consistencies do you notice ? 
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Explanations and Examples:  N.RN.1 

c.  The student conducting the study wants to create a table with more entries; specifically, she wants to fill in the 
population at each half hour. However, she forgot to make these measurements so she wants to estimate the 
values. 

 
Instead she notes that the population increases by the same factor each hour, and reasons that this property 
should hold over each half-hour interval as well.  Fill in the part of the below table that you've already 
computed, and decide what constant factor she should multiply the population by each half hour in order to 
produce consistent results. Use this multiplier to complete the table: 
 

Hours into study 0 
1  
2  

1 
3  
2  

2 
5  
2  

3 

Population (thousands) 4 
      

 
 

d.  What if the student wanted to estimate the population every 20 minutes instead of every 30 minutes.  
     What multiplier would be necessary to be consistent with the population doubling every hour?  
     Use this multiplier to complete the following table: 
 

Hours into study 0 
1  
3  

2  
3 

1 
4  
3 

5  
3  

2 

Population (thousands) 4 
      

 
 

e.  Use the population context to explain why it makes sense that we define 2   to be    2 and 2   as     2 . 

 

 f.    Another student working on the bacteria population problem makes the following claim: 
 

If the population doubles in 1 hour, then half that growth occurs in the first half-hour and the other half 

occurs in the second half-hour.   So for example, we can find the population at t =      by finding the average 

of the populations at t = 0 and t = 1. 

 

Comment on this idea.  How does it compare to the multipliers generated in the previous problems?  
For what kind of function would this reasoning work? 
 
 

Solution: 
a.  

 
Hours into study 0 1 2 3 4 

Population (thousands) 4 8 16 32 64 
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Solution continued on next page 

 









 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

























 

 

 

 

 













 

















 













Common Misconceptions:  A.SSE.3 

Some students may believe that factoring and completing the square are isolated techniques within a unit of 
quadratic equations.  Teachers should help students to see the value of these skills in the context of solving higher 
degree equations and examining different families of functions. 

 

Students may think that the minimum (the vertex) of the graph of y = (x + 5)2 is shifted to the right of the minimum 

(the vertex) of the graph y = x2 due to the addition sign.  Students should explore examples both analytically and 
graphically to overcome this misconception. 

 

Some students may believe that the minimum of the graph of a quadratic function always occur at the y-intercept. 
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Instructional Strategies:    See A.SSE.3 

Common Misconceptions:  A.SSE.4 

Some students cannot distinguish between arithmetic and geometric sequences, or between sequences and series. 
To avoid this confusion, students need to experience both types of sequences and series. 
 

Students commonly do not understand what it means to find the sum of a series.  For example, if a student is asked 
to find the sum of the first 17 terms of a series, they will only find the 17th term. 
 

Students often do not recognize that there are multiple ways of finding sums of series.   Although it is not always 
practical, students could use a conceptual method to find the sums rather than using a formula. 
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Explanations and Examples:  A.CED.3 

Solution: 
a) We see that a hectares of Arabica will yield 750a kg of beans, and that r hectares of Robusta will yield 1200r 

kg of beans.  So the constraint equation is 

750a + 1200r = 1,000,000.  

b) We know that a hectares of Arabica yield 750a kg of beans worth $1.42/kg for a total dollar value of 
1.42(750a) = 1065a.  Likewise, r hectares of Robusta yield 1200r kg of beans worth $0.73/kg for a total dollar 
value of 0.73(1200r) = 876r.  So the equation governing the possible values of a and r coming from the total 
market value of the coffee is  

                                                                    1065a + 876r = 1,000,000.  

 
 

Instructional Strategies:    See A.CED.1 
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Explanations and Examples:  A.CED.4 

Sample Response: 
 
 

Instructional Strategies:    See A.CED.1 
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Algebra:  Reasoning with Equations and Inequalities   (A-REI) 

Cluster:   Solve equations and inequalities in one variable. 

Standard:  A.REI.3    Solve linear equations and inequalities in one variable, including equations with coefficients 

represented by letters. 

Suggested Standards for Mathematical Practice (MP): 

MP.2  Reason abstractly and quantitatively.                                         
MP.7  Look for and make use of structure.         MP.8  Look for and express regularity in repeated reasoning. 

Connections:    A.REI.3-4 
In Grades 6-8, students learned how to approach linear equations in which justification of procedures was the basis 
for proofs.  In high school, based on experience gained in solving quadratic equations, students will understand the 
need for a variety of methods when solving other types of equations, including conics (i.e., ellipses, parabolas, 
hyperbolas). 

Explanations and Examples:  A.REI.3 

Extend earlier work with solving linear equations to solving linear inequalities in one variable and to solving literal 
equations that are linear in the variable being solved for.  Include simple exponential equations that rely only on 

application of the laws of exponents, such as 5
x 

= 125 or 2
x 

= 
1
/16 . 

 
 

Examples:  
 

Solve for the variable: 

 
 

 
 

 

Continued on next page 

 

69 

A.REI.3 























































 

Explanations and Examples:  F.IF.2 

Sample Response: 

a. f(0)=65 means that when you placed the yam in the oven, its temperature was 65 degrees Fahrenheit. 

b. f(5)<f(10) means that the temperature of the yam 5 minutes after you placed it in the oven was less than its 
temperature 10 minutes after you placed it in the oven.  This would be because the yam's temperature will 
increase from 65 degrees Fahrenheit during the first few minutes its in the oven. 

c. f(40)=f(45) means that the temperature of the yam 40 minutes after you placed it in the oven was the same 
as its temperature 45 minutes after you placed it in the oven. This would be because the temperature of the 
yam eventually plateaus.  

d. f(45)>f(60) means that the temperature of the yam 45 minutes after you placed it in the oven was greater 
than its temperature 60 minutes after you placed it in the oven. This would be because the yam began to 
cool down after you removed it from the oven. 

 

Instructional Strategies:  See F.IF.1 
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Explanations and Examples:  F.IF.5 

The deceptively simple task above asks students to find the domain and range of a function from a given context.  
The function is linear and if simply looked at from a formulaic point of view, students might find the formula for the 
line and say that the domain and range are all real numbers.  However, in the context of this problem, this answer 
does not make sense, as the context requires that all input and output values are non-negative integers, and 
imposes additional restrictions.  This problem could serve different purposes.  It's primary purpose is to illustrate 
that the domain of a function is a property of the function in a specific context and not a property of the formula 
that represents the function.  Similarly, the range of a function arises from the domain by applying the function rule 
to the input values in the domain.  A second purpose would be to illicit and clarify a common misconception, that 
the domain and range are properties of the formula that represent a function.  Finally, the context of the task as 
written could be used to transition into a more involved modeling problem, finding the Raiders' profit after one 
takes into account overhead costs, costs per attendee, etc. 

 

Instructional Strategies:   See F.IF.4 
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Explanations and Examples:  F.LE.3 

Sample Responses: 
The numbers in the second column of the table in the first solution form part of the arithmetic sequence which 

starts with 2 and increases each time by 2:  the nth term in this arithmetic sequence is 2n and this is the number 

in the n
th row of the second column of the table.  The third column of the table is a geometric sequence which 

starts at 0.02 and increases by multiples of 2 each time.  The n
th

 term in this sequence, found in the n
th

 row of 

the third column, is 
2n

/100. 

 

The numerator 2
n
 shows the geometric sequence, while the denominator100 reflects the fact that the sequence 

began at 
2
/100. 

 

Geometric sequences grow exponentially.  Since the multiplier two is larger than one, the geometric sequence 
grows faster than, and eventually surpasses, the linear arithmetic sequence.  To see this more clearly, note that 
each additional bag of leaves makes Celia two dollars with method 1 while with method 2 it doubles her 
payment.  Hence as soon as payment method 2 is worth more than two dollars (that is after 8 bags of leaves) 
method 2 pays more than method 1 for every additional bag and so the deficit is quickly made up 

Instructional Strategies:    See F.LE.1 
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Instructional Strategies:  F.TF.5 

Allow students to explore real-world examples of periodic functions. Examples include average high (or low) 
temperatures throughout the year, the height of ocean tides as they advance and recede, and the fractional part 
of the moon that one can see on each day of the month.  Graphing some real-world examples can allow students 
to express the amplitude, frequency, and midline of each. 

 
Help students to understand what the value of the sine (cosine, or tangent) means (e.g., that the number represents 
the ratio of two sides of a right triangle having that angle measure). 
 
Using graphing calculators or computer software, as well as graphing simple examples by hand, have students 
graph a variety of trigonometric functions in which the amplitude, frequency, and/or midline is changed. Students 
should be able to generalize about parameter changes, such as what happens to the graph of y = cos(x) when the 
equation is changed to y = 3cos(x) + 5. 

 

Common Misconceptions:  F.TF.5 

Students may believe that all trigonometric functions have a range of 1 to -1. Students need to see examples of 
how coefficients can change the range and the look of the graphs. 
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http://investigations.terc.edu/library/bookpapers/geometryand_proof.cfm














http://motivate.maths.org/content/accurate-constructions
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Common Misconceptions:  G.SRT.1-3 
 

Some students often do not recognize that congruence is a special case of similarity.  Similarity with a scale factor 
equal to 1 becomes a congruency. 

 

Students may not realize that similarities preserve shape, but not size.  Angle measures stay the same, but side 
lengths change by a constant scale factor. 
 
Students may incorrectly apply the scale factor.  For example students will multiply instead of divide with a 
scale factor that reduces a figure or divide instead of multiply when enlarging a figure. 

 
Some students often do not list the vertices of similar triangles in order.  However, the order in which vertices are 
listed is preferred and especially important for similar triangles so that proportional sides can be correctly identified. 

 
 
 

 
 
 
 
 

 
 
 

160 



 
 

 
 
 
 
 
 









 
 
 
 
 
 
 
 

. 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



http://www.youtube.com/watch?v=LrS5_l-gk94
http://www.math.ubc.ca/~cass/euclid/java/html/pythagorassimilarity.html






 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 









 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 









 

Instructional Strategies:  G.C.1-3 

Given any two circles in a plane, show that they are related by dilation. Guide students to discover the center and 
scale factor of this dilation and make a conjecture about all dilations of circles. 

 

Starting with the special case of an angle inscribed in a semicircle, use the fact that the angle sum of a triangle is 
180° to show that this angle is a right angle.  Using dynamic geometry, students can grab a point on a circle and 
move it to see that the measure of the inscribed angle passing through the endpoints of a diameter is always 90°. 
Then extend the result to any inscribed angles.  For inscribed angles, proofs can be based on the fact that the 
measure of an exterior angle of a triangle equals the sum of the measures of the nonadjacent angles. Consider cases 
of acute or obtuse inscribed angles. 

 

Use properties of congruent triangles and perpendicular lines to prove theorems about diameters, radii, chords, and 
tangent lines. 

 

Use formal geometric constructions to construct perpendicular bisectors of the sides and angle bisectors of a given 
triangle.  Their intersections are the centers of the circumscribed and inscribed circles, respectively. 

 

Dissect an inscribed quadrilateral into triangles, and use theorems about triangles to prove properties of these 
quadrilaterals and their angles. 

 
Challenge students to generalize the results about angle sums of triangles and quadrilaterals to a 
corresponding result for n-gons. 

 

Common Misconceptions:  G.C.1-3 

Students sometimes confuse inscribed angles and central angles.  For example they will assume that the inscribed 
angle is equal to the arc like a central angle. 

Students may think they can tell by inspection whether a line intersects a circle in exactly one point.  It may be 
beneficial to formally define a tangent line as the line perpendicular to a radius at the point where the radius 
intersects the circle. 

Students may confuse the segment theorems.  For example, they will assume that the inscribed angle is equal to the 
arc like a central angle. 
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Instructional Strategies:  G.GPE.1 

Review the definition of a circle as a set of points whose distance from a fixed point is constant.  

Review the algebraic method of completing the square and demonstrate it geometrically.  

Illustrate conic sections geometrically as cross sections of a cone. 

Use the Pythagorean theorem to derive the distance formula.  Then, use the distance formula to derive the 
equation of a circle with a given center and radius, beginning with the case where the center is the origin. 
Starting with any quadratic equation in two variables (x and y) in which the coefficients of the quadratic terms are 
equal, complete the squares in both x and y and obtain the equation of a circle in standard form. 
 

Given two points, find the equation of the circle passing through one of the points and having the other as its center.  
 

Import images of circle from fields from Google Earth into a coordinate grid system and find their equations. 

   

Common Misconceptions:  G.GPE.1-2 

Because new vocabulary is being introduced in this cluster, remembering the names of the conic sections can be 
problematic for some students. 

 

The Euclidean distance formula involves squared, subscripted variables whose differences are added.  
The notation and multiplicity of steps can be a serious stumbling block for some students. 

 

The method of completing the square is a multi-step process that takes time to assimilate.  A geometric 
demonstration of completing the square can be helpful in promoting conceptual understanding. 
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Instructional Strategies:   See G.GPE.4 

Graph polygons using coordinates.   Explore perimeter and area of a variety of polygons, including convex, concave, 
and irregularly shaped polygons. 
 
Given a triangle, use slopes to verify that the length and height are perpendicular.  Find the area. 

 
Find the area and perimeter of a real-world shape using a coordinate grid and Google Earth.  Select a shape (yard, 
parking lot, school, etc.).  Use the tool menu to overlay a coordinate grid.  Use coordinates to find the perimeter and 
area of the shape selected.  Determine the scale factor of the picture as related to the actual real-life view.  Then 
find the actual perimeter and area. 
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Instructional Strategies:  G.GMD.4 

Review vocabulary for names of solids (e.g., right prism, cylinder, cone, sphere, etc.). 
 

Slice various solids to illustrate their cross sections.  For example, cross sections of a cube can be triangles, 
quadrilaterals or hexagons. Rubber bands may also be stretched around a solid to show a cross section. 

 

Cut a half-inch slit in the end of a drinking straw, and insert a cardboard cutout shape. Rotate the straw and observe 
the three-dimensional solid of revolution generated by the two-dimensional cutout. 

 

Java applets on some web sites can also be used to illustrate cross sections or solids of revolution. 
 

Encourage students to create three-dimensional models to be sliced and cardboard cutouts to be rotated. 
Students can also make three-dimensional models out of modeling clay and slice through them with a plastic 
knife. 

Common Misconceptions:  G.GMD.4 

Some cross sections are more difficult to visualize than others.  For example, it is often easier to visualize a 
rectangular cross section of a cube than a hexagonal cross section. 

 
Generating solids of revolution involves motion and is difficult to visualize by merely looking at drawings. 
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Explanations and Examples:  G.MG.3 

  Sample Response: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Instructional Strategies:    See G.MG.1 
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Explanations and Examples:  S.ID.3 

Sample Response: 

I would choose to buy the ticket from Airline P. Both airlines are likely to have an on-time arrival since they both 
have median values at 0. However, Airline Q has a much greater range in arrival times.  Airline Q could arrive 
anywhere from 35 minutes early to 60 minutes late.  For Airline P, this flight arrived within 10 minutes on either 

side of the scheduled arrival time about 
2
/3 of the time, and for Airline Q, that number was only about 

1
/2.  

For these reasons, I think Airline P is the better choice. 
 

Instructional Strategies:   See S.ID.1 
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Instructional Strategies:  S.ID.5-6 

In the categorical case, begin with two categories for each variable and represent them in a two-way table with 
the two values of one variable defining the rows and the two values of the other variable defining the columns. 
(Extending the number of rows and columns is easily done once students become comfortable with the 2x2 case.) 
The table entries are the joint frequencies of how many subjects displayed the respective cross-classified values. 
Row totals and column totals constitute the marginal frequencies.  Dividing joint or marginal frequencies by the 
total number of subjects define relative frequencies (and percentages), respectively.  Conditional relative 
frequencies are determined by focusing on a specific row or column of the table.  They are particularly useful in 
determining any associations between the two variables. 

 
In the numerical or quantitative case, display the paired data in a scatterplot.  Note that although the two variables 
in general will not have the same scale, e.g., total SAT versus grade-point average, it is best to begin with variables 
with the same scale such as SAT Verbal and SAT Math.  Fitting functions to such data will avoid difficulties such as 
interpretation of slope in the linear case in which scales differ.  Once students are comfortable with the same scale 
case, introducing different scales situations will be less problematic. 

 

Common Misconceptions:  S.ID.5-6 

Students may believe: 

That a 45 degree line in the scatterplot of two numerical variables always indicates a slope of 1 which is the case 
only when the two variables have the same scaling. 

That residual plots in the quantitative case should show a pattern of some sort.  Just the opposite is the case. 
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Instructional Strategies:  S.IC.3-6 

In comparative experiments between two groups, random assignment of the treatments to the subjects is essential 
to avoid damaging problems when separating the effects of the treatments from the effects of some other variable, 
called confounding. In many cases, it takes a lot of thought to be sure that the method of randomization correctly 
produces data that will reflect that which is being analyzed. For example, in a two-treatment randomized 
experiment in which it is desired to have the same number of subjects in each treatment group, having each subject 
toss a coin where Heads assigns the subject to treatment A and Tails assigned the subject to treatment B will not 
produce the desired random assignment of equal-size groups. 

 

The advantage that experiments have over surveys and observational studies is that one can establish causality 
with experiments. 

 

Standard 4 addresses estimation of the population proportion parameter and the population mean parameter.  
Data need not come from just a survey to cover this topic.  A margin-of-error formula cannot be developed through 
simulation, but students can discover that as the sample size is increased, the empirical distribution of the sample 
proportion and the sample mean tend toward a certain shape (the Normal distribution), and the standard error of 
the statistics decreases (i.e. the variation) in the models becomes smaller.  The actual formulas will need to be 
stated. 

Standard 5 addresses testing whether some characteristic of two paired or independent groups is the same or 
different by the use of resampling techniques.   Conclusions are based on the concept of p-value.  Resampling 
procedures can begin by hand but typically will require technology to gather enough observations for which a p-
value calculation will be meaningful. 
 

Use a variety of devices as appropriate to carry out simulations: number cubes, cards, random digit tables, 
graphing calculators, computer programs. 

Common Misconceptions:  S.IC.3-6 

Students may believe: 
 

That collecting data is easy; asking friends for their opinions is fine in determining what everyone thinks. 
 

That causal effect can be drawn in surveys and observational studies, instead of understanding that causality is 
in fact a property of experiments. 

 

That inference from sample to population can be done only in experiments. They should see that inference can 
be done in sampling and observational studies if data are collected through a random process. 
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